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ABSTRACT 


In  this  report  an  approximate  solution  for  an  equivalent  circuit 
representation  of  a  two  dimensional  waveguide  junction  is  obtained  over 
several  ranges  of  significant  parameters.  The  junction  is  formed  by  a 
semi-infinite,  dielectric  filled,  parallel  plate  guide  contained  symmet¬ 
rically  within  an  infinite  parallel  plate  guide.  The  structure  is  first 
reduced  to  a  half- space  problem  and  formulated  in  terms  of  the  appropriate 
field  modes  in  each  of  the  parallel  plate  guides  forming  the  junction. 
These  modes  are  matched  at  the  plane  of  discontinuity  and  the  resulting 
equations  rearranged  to  resemble  ordinary  circuit  equations.  The  circuit 
elements  of  the  equivalent  circuit  representation  are  identified  from  the 
equations.  The  determination  of  the  values  of  these  elements  requires 
the  solution  of  an  infinite  set  of  inhomogeneous  algebraic  equations. 
Solutions  are  obtained  by  approximate  methods  with  the  aid  of  an  IBM  7070 
computer.  The  approximate  solutions  are  checked  by  comparing  the  results 
obtained  for  the  degenerate  case,  in  which  the  dielectric  vanishes,  with 
known  exact  results.  This  check  suggests  that  the  approximate  results 
for  the  case  of  non-vanishing  dielectric  should  be  within  a  few  per  cent 


of  the  correct  values 
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I.  Introduction 

This  report  concerns  the  determination  of  an  equivalent  circuit  rep¬ 
resentation  for  a  waveguide  junction  formed  by  a  semi-inf inite^  dielectric 
filled,  parallel  plate  guide  contained  symmetrically  within  an  infinite 
parallel  plate  guide  (see  Figo  I).  ¥e  will  assume  that  the  dimensions  of 
the  guide  are  such  that  only  the  T.E.M.  mode  will  propagate  in  each  guide 
at  the  excitation  frequency,  and  that  the  exciting  source  is  so  polarized 
that  there  will  be  no  field  variations  in  the  x-direction. 

The  literature  on  waveguide  discontinuities  dj.scloses  the  closely 
related  problem  of  a  homogeneous  E-plane  bifurcation,  which  can  be  solved 
exactly  using  integral  transform  methods,^  However  a  preliminary  inves¬ 
tigation  of  these  transform  procedures  applied  to  the  problem  considered 
in  this  report  revealed  that  the  inhomogeneity  introduced  by  the  dielectric 
in  guide  B  made  these  methods  impractical  to  apply„  Another  approach, 

better  suited  to  the  type  of  discontinuity  considered  here,  is  an  approx- 

2 

imate  method  originally  due  to  Whinnery  and  Jamieson»  Their  approach  is 
based  on  mode  matching  at  the  discontinuity.  It  has  the  advantage  of 
being  relatively  straightforward,  inherently  providing  a  clear  physical 
picture  of  the  propagating  and  non-propagating  waves  in  the  guide.  More¬ 
over,  it  is  particularly  adaptable  to  the  two  dimensional  equivalent 

^No  Marcuvitz,  "Waveguide  Handbook^,  M.  I„  T,  Radiation  Laboratory 
Series,  Yol,  10  (McGraw-Hill  Book  Company,  Inc.,  19?l),  pp.  l60-l67o 

2 

J.  R,  Whinnery  and  H,  W,  Jamieson,,  "Equivalent  Circuits  for  Dis¬ 
continuities  in  Transmission  Lines",  Proc,  I.R.E.,  32,  98-llij.,  Feb,,  19l-iU, 
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.  circuit  formulation  of  the  problem. 

In  the  structure  examined  here,  the  method  consists  df  finding  the 
evanescent  mode  airplitudes  excited  in  the  guide  of  height  2a.  After  con¬ 
siderable  manipulation  of  the  field  equations  at  the  plane  Z  =  0,  we 


obtain  an  expression  for  the  equivalent  capacitances  of  the  junction  in 
terns  of  these  non-propagating  mode  amplitudes  which,  in  turn,  are  defined 
by  an  infinite  set  of  non-homogeneous  equations.  An  approximate  solution 
to  these  equations  over  a  convenient  range  of  parameters  is  obtained  by 
machine  calculation  using  an  IBM  7070  computer.  The  procedure  is  checked 
by  coitparing  the  results  for  the  degenerate  case,  in  which  ^6  =  €©  # 
with  the  values  given  by  Marcuvitz.^ 
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II ,  Field  Equations 


A,  Reduction  to  a  Half- Space  Problem, 

The  given  waveguide  configuration  can  be  simplified  by  the  following 
considerations. 

(1)  Due  to  the  method  of  excitation  and  the  nature  of  the  discontinuity, 
there  will  be  no  H-modes  in  the  guide. 

(2)  The  symmetry  of  the  structure  allows  us  to  place  an  infinite  perfec¬ 
tly  conducting  plane  at  the  plane  y  =  0  without  disturbing  the  fields. 

Thus  instead  of  solving  the  original  problem,  it  is  sufficient  to  solve 
the  half-space  problem  shown  in  Fig.  2.  (See  Appendix  of  reference  3  for 
the  Justification  of  these  statements.) 

B,  Field  Representation  in  the  Half  .-Space  Guide, 

The  field  in  each  of  the  guides  shown  in  Fig,  2  can  be  represented 
by  an  incident  And  reflected  T,E,M.  mode  plus  an  infinite  sum  of  evanescent 
E  modes.  Using  harmonic  time  dependence,  e^'^,  and  assuming  T.E.M.  sources 
at  frequency  in  guides  B  and  C  at  Z  ="Oo  and  in  guide  A  at  Z  =  oo,  the 
y  coii5»onent  of  the  electric  field  in  guide  B  is  given  by: 


^  I 


(1) 


and.  O 

■ 


are  always  real, 


•^H.  M.  Cronson,  ''Equivalent  Circuit  Parameters  for  an  Inhomogeneous 
Bifurcated  Waveguide",  Master's  thesis.  Brown  University,  (1961). 


k 


The  X  component  of  magnetic  field  in  guide  B  can  be  obtained 
from  Maxwell's  Equation  ^yf/g  “  t  using  the  fact  that  since 

only  E  modes  are  present,  Hy  =  =  0.  This  yields 


for  0$  ^  O 


Mm  (2) 


Similarly,  for  the  fields  in  Guide  A  we  can  write 


-Jkz- 


/WTT. 


4^  "4^  -->^L 


?  Ann. 

>  -^z  m.m.'f  (ii) 

“T  V/M 


forOSM<CC  and  >0 


where 


iS-  .2- 


^  C=/g3)-A' 


Also,  in  Guide  C,  letting  y  =  y-b. 


^  ^  ?=/ 


[Cc^  J0£i,Y  ^  ^*cm.U/^'  (6) 

|57  I 
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For  subsequent  calculations  It  is  convenient  to  define  the  following 
quantities. 


AM 

b,=bh: 

(6a) 

C  Vr  -JSt'-  CJ 

\y  JU)6o 

V  “ 

'/h\ 

m,  -  12.^5^  ‘  '  ' 

(7) 

y 

1^2,5^  '  '  ' 

Bfn. 

(8) 

y  _  j'6c)€o 

h'  (5) 

Hence  equations  (l)  through  (6)  can  be  written,  at  Z  =  0,  as 


(11) 


(12) 


'13) 

M~l 

£ycCyj'o)=C  '!**> 

«> 

H/xc  ~C)^t>  /  Q 

p! 

¥e  now  employ  the  condition  of  continuity  of  the  tangential  E  and 
H  fields  at  Z  =  0  to  give. 


IX)  oo 

Q-^lc^c^fy^Ao+l 


b  <^^CL. 
o  <y^  <. 


DO  ^ 

);b.h-x =\^*1.  °'7" 


T>o  ^  L 

XQ  -"Z  X  ■'  ■"Z  o%c 

«ii*i  / 

The  above  relationships  between  the  A^,  and  C^,  will  be  utilized  later 
to  provide  an  equivalent  circuit  representation  for  the  waveguide  jixnction. 


III.  Equivalent  Circuit  Representation 


A.  The  Transmission  Line  Analogy  of  a  Parallel  Plate  Waveguide. 

Consider  an  infinite  parallel  plate  waveguide  of  height  d  in  which 
the  T.E.M.  mode  is  propagating  in  the  positive  Z  direction  (see  Fig.  3). 
The  T.E.M.  wave  may  be  written  for  harmonic  time  dependence  as 


where  D  is  a  constant  determined  by  the  strength  of  the  source. 
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¥e  also  define 


(2U) 


where  ^  is  the  current  per  unit  length  on  the  surface  of  the  top  plate 

A 

(y  =  d),  w  is  a  length  in  the  x  direction,  and  "Zq  is  the  unit  vector 
in  the  Z  direction,  (see  Fig.  3).  On  the  surface  of  a  perfect  conductor 
n  X  H  =  where  for  this  case  ft  is  the  normal  pointing  into  the  guide. 
Similarly 


We  note 


Therefore 


-1/ 


-/.o'  ■ 


=  UrH. 


-LArd 


We  further  define 


(25) 


Substitution  of  equations  (23)  and  (25)  into  (20)  and  (21)  yields 


dz 


=  -  7(?) 

\Ar 


(26) 
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dl&)  ^ 


-Jooe  ^  VC^) 

pt 


(27) 


The  appropriate  transmission  line  equations  are  given  by  Marcuvitz 
(op.  cit.)  in  the  form 


(28) 

oiZ- 

-  ’‘JkYV  (29) 

where  2^  and  ^  are  the  voltage  and  current  respectively  in  the  transmission 
line,  k  =  t  snd  Z  =  1/Y  is  the  characteristic  impedance.  In  comparing 

equations  (26)  and  (2?)  with  (28)  and  (30),  we  see  that  the  T.E.M,  mode  in  a 
parallel  plate  waveguide  can  be  conpletely  represented  by  a  transmission  line 
with  characteristic  impedance. 


dJ 

d2: 


(29-a) 


Note  that  the  power  flow  in  the  guide  through  a  cross  section  w  x  d  is 

i  lu* 

«  o 

which  is  the  expression  for  the  power  flow  in  a  transmission  line. 


B,  ilie  Waveguide  Junction  as  an  Equivalent  Circuit. 

Since  a  parallel  plate  waveguide  can  be  represented  by  a  transmission 
line,  it  is  convenient  to  represent  the  junction  by  a  lumped  network.  The 
junction  in  Fig,  2  stores  energy  with  no  dissipation  in  a  local  region  close 
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to  the  plane  Z  =0.  Thus  it  is  reasonable  to  represent  the  junction  by 
a  lossless,  lumped  network.  In  this  section  we  will  show  that  the  field 
equations  at  the  j-unction,  expressed  in  terms  of  our  defined  voltage  and 
current,  correspond  to  the  nodal  equations  for  a  certain  lumped,  lossless, 
smd  passive  network. 

The  voltage  from  0  to  b  in  guide  B  at  the  plane  Z  =  0  is  determined 
using  equations  (lO)  and  (22):  . 

The  voltage  from  0  to  a  in  guide  A  and  from  0  to  c  in  guide  C  at 
Z  =  0  are  foTind  to  be 

Voc  =  <C  (29-b) 

We -note  that>  - since  the  cosine  dependent  modes  integrate  to  '  O,  the 
voltages  at  Z  =  0  are  due  only  to  the  electric  field  of  the  dominant  T.E.M. 
mode. 

If  equation  ,(16)  is  integrated  with  respect  to  y  from  0  to  b  and 
added  to  the  result  obtained  xirhen  equation  (17)  is  integrated  with  respect 
to  y  from  b  to  c,  one  obtains 

or  in  terms  of  voltages, 

^8  ~ 
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The  defined  current  on  the  top  plate  in  guide  B  at  Z  =0  can  be 
found  from  equations  (2?)  and  (11)  as 


Similarly,  the  defined  current  on  the  top  plate  in  guide  C  and  guide  A 
at  Z  =  0  can  be  written  as 

I  -  c  K  4  (-if] 

l^‘^[^Yc[{Xelr] 

We  designate  the  currents  of  the  dominant  mode  as 


Integrating  equation  (l8)  with  respect  to  y  from  0  to  we  obtain 

xw 


'•t.ri 

Substituting  equation  (7)  we  have 


We  can  also  show  that  equation  (19)  can  be  written 


(31-a) 


l?C  * 


(32-a) 
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Suppose  the  summation  term  in  equations  (31-a)  and  (32-a)  is 

Bo  ~  Co 


multiplied  by 


B^-Co 


and  we  define 
VO 


We  may  then  write  equations  (31-a)  and  (32-a)  as 

X  C  *  K  f^o  Q 


(33) 


Using  these  equations  and  the  definitions  of  the  currents  in  terms  of  the 
admittances,  we  obtain 


(31-b) 


Xr.c  ~  ^  ‘^Kc 


(32-b) 


Substituting  and  V^g  =  in  equations  (31-b) 

and  (32-b)  and  remembering  that  a  =  b  +  c,  we  have 


Zb  "  La  ^  ^  14  ■“ ^  4 

Jpc  "■  Jqa  ^*4  ^ 


Define 

(3k) 

clFut-  /- 

(35) 

(36) 

he 

Substituting  these  definitions  in  the  previous  equations  yields 

which  are  the  nodal  equations  of  the  network  shown  in  Pig.  Thus,  the 
waveguide  junction  can  be  represented  by  a  lumped,  lossless,  and  passive 


network# 


IV.  Determination  of  the  Network  Capacitances 

From  equations  (3Uj,  (35),  (36),  we  see  that  the  capacitances  could 

Am 

be  determined  if  F  were  known.  To  find  F  we  must  find  S  -C  ,  We  shall 

0  0 

now  determine  equations  for  this  unknown, 

¥e  multiply  equation  (l6)  by  cos  — and  integrate  with  respect 
to  y  from  0  to  b.  This  equation  is  then  added  to  the  result  obtained  when 
equation  (17)  is  multiplied  by  cos  -  and  integrated  with  respect  to 

y  from  b  to  c.  These  operations  result  in 


where  'j  /A 

10 

Next  we  multiply  equation  (l8)  by  cos 
to  y  from  0  to  b.  The  result  is 


and  integrate  with  respect 


/M.  '  L  ^ 

y  T  ^  Y  V-  .V  A 


'n  cLir 


m--i 


r 


*  /  V  ^  Q  *Tr  V® 

Equation  (19)  is  multiplied  by  cos  and  integrated  with  respect 
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to  y’  from  0  to  C.  This  gives 


W  .  ^  mL 

V  ^  A»n  /WTT  ai,  ^\r"  A  f39) 

%  ~  f'^-rL  w  4,  'V 

m=i  ->  >*1=/ 


vSubsti tilting  the  and  from  equations  (38)  and  (39)  into  (37)  yields 


(D 


a®^  .  L 

L»-y 


Vtv 


/mTT 


@ 


_  2./vv^  i> /l4i^_/)M7r  ^  ^~l)  ^ 

■  L;x^T}X~^ 

J.  L  #  ■“  * 


9* 


vd 


/n; 

/♦» 

a. 


VO 


(D 

6  ^ 


^  2K^ . .r  ^'T^.k^soX  .  t~. 


<fgaV 


/«*» 


P;^  ^/K 

b 


{i^)~ 


-  irXk'X 


© 


/Xo^x, 


'4r  /j  Lrxj^i 

'k'^ 


t 


} 


(equation  continued  on  next  page  ) 
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where  ^  g  =  —  and  the  encircled  nvmibers  designate  the  terms  of 

CTo 

the  equation  for  subsequent  identification. 

Next,  each  term  is  rearranged  so  that  Ap  appears  only  under  the 


first  summation.  For  instance  term  (3v  is  rearranged  bj  noting  that 


where  ^  is  the  wavelength  in  guide  B  and  also  by 

O 


changing  the  order  of  summation 


Term  ^ 


becomes 


—  ~  ^  f  zniTrA 


■vcf;  TT 


a.  7^ 


I  -.a 


J 


a  'CL ' 


In  order  to  group  all  the  Am  terms  together  in  equationl^Qj,  we  also  separate 
term  into  two  parts.  One  including  all  the  Ap  save  Am  and  the  other 

just  containing  Am,  When  all  the  terras  have  >*een  suitably  rearranged 
equation  (liO)  becomes 


2.  AUx  TT/W.  cu 

/niTT 


CL 


Ct 


(equation  continued  on  next  page) 
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m  =  1  to  00 
where  X(m) 


Aav\, 

a'Tfe-Co] 


1  if  -  m  is  an  integer 
& 

0  if  -  ra  is  not  an  integer 
& 


We  now  write  equation  (33)  as 


UO  - 

^  -rr  m.  ^ 

AHi/ 
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Using  equations  (36)  and  (lj.2)  we  write 


r  -  \ 

“  “  ic  TT  L2 

'»»r/ 


/m. 


A<^/»yi7rA 

a. 


From  equations  (3^)  and  (36)  we  note 


-  T— 


■A 


(ii3) 


(ilu) 


The  remainder  of  this  report  will  be  concerned  with  determining 
by  solving  equation  (lil)  by  approxinate  methods. 

One  check  on  the  correctness  of  equations  (iil)  and  (I4.3)  is  provided 
by  noting  in  Fig.  it  that  for  the  case  should  not  change 

when  the  dimensions  of  guides  B  and  C  are  interchanged.  In  accordance 
with  this  physical  observation  it  can  be  shown  (see  Appendix  of  reference  3) 
using  equations  (1|1)  and  (U3)  for  the  case  (£g  =  1  that  is  invariant  to 

the  transformation  replacing  b  by  c  and  c  by  b.  Thus  in  this  respect  the 
equations  check. 


20 


Y»  Solution  of  the  Equations 
A.  Parameters 

The  main  objective  of  this  report  is  to  determine  the  guide 


capacitances  for  various  combinations  of  —  ,  £ 


and  ^  .  Since 


the  analysis  is  based  on  only  the  T.E.Mo  modes  propagating  in  each  guide, 

2a  2b  2c 

there  is  the  restriction  that  75-  ,  ,  and  s—  are  not  greater  than  1, 

%  V 

The  values  chosen  for  this  report  are 


*  Ogl^  OoSs  0o9 

£3  =  1,  2.^,  10,  100 


2a 


=  0,  O065  loO 


in  order  that  results  may  be  obtained  over  a  wide  range  of  parameters. 

^  a  ®-a 


Since  it  can  easily  be  shown  that 


those 


2b 


permutations  of  the  parameters  for  which  y"  ^  1  will  not  be  allowed. 

'B 


B.  Method  of  Approximation 

The  infinite  number  of  unknowns  X(m)  can,  in  principle,  be  determined 
from  the  infinite  set  of  simultaneous  equations  represented  by  equation  (ij.). 
The  X(m)  are  then  used  to  calculate  the  capacitance  ,  by  anploying 
equation  (ii3)<>  The  other  capacitances  immediately  follow  from  equations  (iUi.) 
and  (kS)  0  In  practice,  however,  equation  (lil)  must  be  solved  by  some  method 
of  approximation.  The  method  utilized  in  this  report  attempts  to  approximate 
the  exact  answer  by  solving  only  finite  sets  of  simultaneous  linear  equations. 
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We  will  solve  equation  (I4I)  as  a  set  of  simultaneous  equations  of  rank  ii,  5, 
and  6  and  from  the  behavior  of  these  solutions  determine  an  approximate 
capacitance.  The  validity  of  this  approximation  will  be  examined  by  a  com¬ 
parison  with  the  exact  results  for  the  case  (£  g  “ 

The  quantity  we  are  interested  in  obtaining  is  the  capacitance 
given  by  equation  (U3)«  We  define 


cc 


c.--i=2ic  =y 


c8ur€e^ 


'  L 
CL 


m 


where  X(m)  are  the  solutions  to  the  infinite  set  of  equations  represented 
by  (id).  Let  the  index  m  in  equation  (Id)  be  restricted  to  the  integers 
from  1  to  6.  The  solutions  to  this  6x6  set  will  be  called /^^(m) ,  Thus 
one  approximation  to  C  '^could  be 


CL. 


m 


This  spproximation  has  2  sources  of  error, 
from  the  fact  that/9(^(m)  ^  X(m)  for  m  = 
due  to  the  exclusion  of 


CL. 


The  first  is  the  error  arising 
1,6.  The  second  is  the  error 


It  is  our  aim  to  determine  a  refinement  of  the  approximation  given  by 
equation  (it?)  based  on  the  computed  results,  which  will  reduce  the  errors 
mentioned  above. 

The  computer  program  was  designed  to  solve  the  system  of  equations 
of  rank  it,  5,  and  6,  It  was  felt  that  a  plot  of  these  results  for  a  few 


typical  cases  and  an  extrapolation  would  indicate  the  probable  solutions 
for  the  first  four  unknowns  (X(m),  m  =»  1,  U)  and  also  serve  to  exhibit 
the  behavior  of  the  unknowns  for  m  >  U.  As  an  example  of  this  procedure 
for  one  set  of  parameters.  Figs,  6,  and  7  show  respectively  the 
dependence  of  the  solutions  on  the  equation  set  size,  a  rough  estimate  of 
the  values  of A  X(m)  for  m  =  1,  it  extrapolated  from  the  finite  sets,  and 
the  extrapolated  values  of  X(m).  An  examination  of  the  coiT5)uted  and 
graphical  results  reveals  the  following  information: 


Vk 

(1)  X(m)  sin  (mir^)  is  always  positive 

(2)  The  extrapolated  value  of  X(m)  is  very  close  to  X^(m) 

(3)  The  extrapolated  value  of  x(m)  for  decreases 

roughly  as  ^  .  Here  we  must  make  an  exception  for 
—  =  0.5  because  the  results  show 

But  in  this  case  the  odd  values  of  m  decrease  as  —  and  these  are  the 


x(2m  +  1) 


>  >  jx  (2m)| 


m 

only  values  that  enter  into  the  con^jutation  of  C  . 

Based  on  the  above  observations  a  suitable  refinement  to  equation  (ii.7) 


IS 


NS 


/VI  Jr  7 


/Jr 


2- 
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The 


le  series  y~ I  is  roughly  the  same  if  —  is  0.1,  0,5. 

/  -  ^2.  a  ^  ’ 
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¥e  note  for  —  =  0,5  the  value  of  this  series  can  be  determined 
a 

.  from  the  well  known  result 


DO 

Yi 
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m][ 

00  , 

-  f 

if' 

(2/w  -  /  ) 

At)s:/ 

B 

0^2)  =  +  0.ia3 

or  using  equation  (ii8) 

_  ^  ^  d!  _  a? 

he  IT  -^6^  i'C  7T  ^ 

where 

The  coit5)uted  results  are  tabulated  below.  Figures  8  through  13  show 
these  results  in  graphical  form. 


TABLE  OF  COMPUTED  RESULTS 


C.  Comparison  with  the  Results  Obtained  by  Marcuvitz  for 

On  pages  353-3^5  of  Marcuvitz  (op.  cit.)  the  E-plane  bifurcation 
problem  is  discussed  and  the  results  given  graphically  for  an  exact  solution 
of  this  problem  using  integral  transform  methods.  These  results  can  be 
compared  to  those  of  this  report  for  the  case  6^  =  1,  We  use  the  notation 
on  page  3^3  but  to  avoid  confusion;  since  b  denotes  different  dimensions 
in  this  report  and  in  Marcuvitz,  we  let  the  b  of  Marcuvitz  be  called  b^  , 
The  dimensj-on  Marcuvitz  labels  b  is  the  dimension  of  guide  A  in  this 
report.  Comparing  Fig.  i;  in  this  report  to  Figure  6.h  -  2  in  Marcuvitz 
we  observe 

y  ='  ~ 


where  X  * 


2TroL 


For  this  problem  ^  ^  and  the  characteristic  in^^edance  is  given 

by 


Therefore 


C  -  ‘  - 

ojK  ~ 


Using  coJTT^  =  Ztt 

yio^o  Cl 
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ur 


2TreL 


we  have 
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From  the  above  results  we  see  that  in  all  but  one  case  the  error  is  within 

C 

k%  of  Marcuvitz'  results.  Thus  — ^  is  a  fairly  good  approximation  to 

for  C  g  =  1«  Since  the  structure  of  the  equations  is  the  same  for 


(Tr  ^  the  conputed  results  manifest  no  drastic  change  forcf'g  /  1,  we 

will  be  within  a  few  per  cent  of  the  correct  value 


■B 

may  expect  that 
for  all  , 
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VI.  Scattering  Description 

This  section  will  be  concerned  with  transforming  the  impedance 
description  of  the  guide  to  a  scattering  description.  Since  we  know  now 
the  values  of  the  capacitances  in  the  equivalent  circuit,  all  other  wave¬ 
guide  quantities  such  as  reflection  coefficient,  standing  wave  radio,  etc., 
may  be  determined,  ¥e  will  assume,  for  the  sake  of  simplicity,  that  only 
guide  B  is  excited  and  that  guides  A  and  C  are  terminated  in  their  character¬ 
istic  iii5»edance.  To  calculate  the  reflection  coefficient  at  the  junction, 
r'  (0),  we  use  equation  (30)  given  on  page  ik  of  "Waveguide  Handbook"  (op. 
cit.). 


rcz)= 


I  -  y'c^) 
i  +  Y'Cb) 


where  Y'(Z)  =  l(Z)/Y° 

and  Y(Z)  is  the  admittance  of  the  transmission  line  at  ?  and  Y° 
is  the  characteristic  admittance  of  the  transmission  line. 

We  note  that  the  circuit  shown  in  Fig.  corresponds  to  the  half-space 
problem.  However,  due  to  symmetry,  the  reflection  coefficient  of  the 
original  guide  in  Fig,  1  is  the  same  as  the  half- space  guide.  The  circuit 
we  consider  is  shown  in  Fig.  ll;,  where  the  characteristic  admittances  are 
found  from  equation  (29"”a)„  We  make  the  following  definitions; 


(53) 

(51i) 


Yg-JcoCg 
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¥e  then  have 


Ytc)  = 


.  Ya  ^  Y^Yc 


Y° 

'8 


yo 

•B 


(56) 


Using  equations  (29-a)  and  (h$)  we  write  equation  (55)  as 

¥e  make  use  of  the  quantity  —  computed  in  part  V  by  defining  the 

i'^d> 


positive  niimber  C 


V 


C=- 


Ca 


‘^€n 


(58) 


¥e  now  substitute  equation  (58)  into  (57)  to  yield 


(59) 


but  .since 


-  _  2t 


equation  (59)  can  be  written  as 


Y^‘^rs.  1+ jfiBy 

N  ^11  / 


Similarly  equation  (53)  can  be  written  as 


(60) 


V- 


i 


(61) 


31 


After  a  few  of  these  substitutions  equation  (56)  may  be  written  as 


-lisCAVC,^) 


(62) 


where 


and 


A= 


Substituting  (62)  into  (52)  we  can  calculate  the  reflection  coefficient 

r(o). 

Let  us  now  examine  the  behavior  of  the  reflection  coefficient  for 
two  sin^ile  cases. 


Case  1. 


If 


O 

=  0,  then  C_  =  0  and  equation  (62)  becomes 


Substituting  equation  (63)  into  (52)  we  obtain 

A  + 


We  note  when  A  — >  1 

r(c))  =  ~  / 

+  / 

and  when  , —  . 

r(b;-^0 


(6W 


Also  if  £  g  =  1,  equation  (61i)  becomes  i 

rCo)=I-^ 


m 

•i- 

This  is  in  agreement  with  the  physical  result  that  as - >1,  the  guide 

^cesses  to  become  bifurcated  and  no  reflections  occur. 


Case  2.  Cl^<<1 

A  study  of  the  Table  of  Computed  Capacitance  in  section  V-C  shows 
that  this  is  a  fairly  good  approximation  when  20-/^  ^  0.6.  Since 

A  =  ~  ^  I  i  we  also  have  C^«  A.  With  this  approximation 

equation  (62)  can  be  written 


+  jChCA-j)  (66) 

A’- 

This  tells  us  the  obvious  fact  that  the  best  match,  i.e.  I'(0)  =  1  occurs 
when  A  -»1  and  -\f£^  — >  1  • 

It  is  also  interesting  to  inquire  how  the  wave  entering  from  guide  B 
is  divided  between  guides  A  and  C.  Using  equations  (6-a)  and  (29-b)  we 
obtain 

V^A=-^o«-  Vec  =  -C^  (67) 

/l»  A» 

where  A^  and  C^  are  the  complex  an5)litudes  of  the  outgoing  waves 
propagating  in  guides  A  and  C  respectively.  We  have  the  relations 
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where  I  is  shown  in  Fig.  lli, 
and  (68)  we  get 

A'^ 


Q 


'/i. 


and 


i 


Combining  equations  (6o),  (6l),  (6?), 


1-o'^L 


(69) 


(70) 


which  gives  the  restilt  that  the  magnitudes  of  the  transmitted  waves  in 
guides  A  and  C  are  always  the  same.  To  find  the  ratio  of  the  powers  flowing 
into  guides  A  and  C,  assuming  them  terminated  by  their  characteristic^ 
impedance  we  employ  the  equation 

p=  i  ivrY° 


Pa  . 

IvJX  .  1 

AU 

(71) 

Pc 

'  l‘ 

Cc/ 

^  c 

a. 

This  is  a  general  result  independent  of<£^  and  subject  to  the  restriction 
that  ^  1 

^  I  ' 

¥e  now  give  a  table  of  computed  j  P^')  |  for  the  range  of  parameters 


considered  in  this  problem. 


0.6 


Table  of  Computed  r(p) 


1.0 


a  : 

£b 

:  M  ; 

lrco:i  ; 

0.1 

1 

.90 

.90 

.90 

0.^ 

1 

.50 

.50 

.37 

0.9 

1 

.10 

.10 

.10 

0.1 

2.5 

.9h 

.93 

.92 

0.^ 

2.5 

.65 

o6l 

.35 

0.9 

2.5 

.32 

.32 

- 

0.1 

10 

.97 

.98 

.95 

0.5 

10 

.81 

.77 

0.9 

10 

.59 

0.1 

100 

.99 

.99 

.99 

0.5 

100 

.9li 

0.9 

100 

.85 

- . 

.. 

These  results  show  that  increasing  (£g 


tends  to  increase 


and  decreasing 


b 

a 


and 


4 


*The  dash  (-)  indicates  that  ■=  |  and  thus  solutions 

with  these  sets  of  parameters  are  excluded  from  this  analysis. 
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Industrial  Way 
Belmont,  California 

Attn:  Mary  Ellen  Addems,  Technical  Librarian 

Dome  and  Margolin,  Inc, 

29  Mew  York  Avenue 

Westbury,  Long  Island,  New  York 

Douglas  Aircraft  Company,  Inc, 

827  Lapham  Street 
El  Segundo,  California 
Attn:  Engineering  Library 

Douglas  Aircraft  Company,  Inc, 

3000  Ocean  Park  Boulevard 
Santa  Monica,  California 
Attn;  Peter  Duyan,  Jr, 

Chief,  Electrical/Electronics  Section 

Douglas  Aircraft  Company,  Inc, 

2000  North  Memorial  Drive 
Tulsa,  Oklahoma 

Attn:  Engineering  Librarian,  J)-2$0 

Electromagnetic  Research  Corporation 
5001  College  Avenue 
College  Park,  Maryland 
Attn;  Mr.  Martin  Katzin 

Electronics  Communication 
1830  York  Road 
Timonium,  Maryland 

Electronic  Specialty  Company 
^121  San  Fernando  Road 
Los  Angeles  39,  California 
Attn;  Donald  L.  Margerum 

Chief  Engineer,  Radiating  l^stems  Division 

Emerson  Electric  Mfg.  Company 

8100  West  Plorissant  Avenue 

St.  Louis  21,  Missouri 

Attn:  Mr,  E.  R.  Bresl'in,  Librarian 
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Emerson  Radio-Phonograph  Corp. 

Emerson  Research  Laboratories 
701  Lament  Street,  N.W. 

Washington  10,  D.C. 

Attn;  Mrs*  R.  Corbin,  Librarian 

Fairchild  Aircraft-Missiles  Division 
Fairchild  Eng.  and  Airplane  Cor, 

Hagerstown,  Maryland 
Attn;  Library 

Federal  Telecommunication  Laboratories 
500  Washington  Avenue 
Nutley  10,  New  Jersey 
Attn:  Technical  Library 

General  Electric  Company 
Electronics  Park 
Syracuse,  New  York 
Attn;  Documents  Library 

B.  Fletcher,  Building  3-1U3A 

General  Electric  Company 
Missile  and  Space  Vehicle  Department 
3198  Chestnut  Street 
Philadelphia,  Pennsylvania 
Attn;  Documents  Library 

Gabriel  Electronics  Division 
Main  and  Pleasant  Streets 
Millis,  Massachusetts 
Attn:  Dr,  Edward  Altshuler 

General  Electric  Comapny 
3750  D  Street 

Philadelphia  2h,  Pennsylvania 
Attn;  Mr,  II.  G.  Lew 

Missile  and  Space  Vehicle  Department 
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General  Precision  Laboratory,  Inc, 

63  Bedford  Road 
Pleasantville,  New  York 
Attn:  Librarian 

Goodyear  Aircraft  Corporation 
1210  Massillon  Road 
Akron  1^,  Ohio 
Attn:  Library,  Plant  G 

Granger  Associates 

Electronic  Systems 

91h  Commercial  Street 

Palo  Alto,  California 

Attn:  John  V.  N.  Granger,  President 

The  Hallicrafters  Company 
5th  and  Kostner  Avenues 
Chicago  2h,  Illinois 

Attn:  Henry  Hodara,  Head  of  Space  Communication 

Hughes  Aircraft  Company 
Antenna  Department 
Building  12,  Mail  Station  27lU 
Culver  City,  California 
Attn:  Dr.  ¥.  H.  Kummer 

Hughes  Aircraft  Company 
Florence  Avenue  and  Teale  Streets 
Culver  City,  California 
Attn:  Louis  L,  Bailin 

Manager,  Antenna  Dept. 

ITT  Laboratories 
3700  East  Pontiac  Street 
Fort  Wayne  1,  Indiana 
Attn;  Technical  Library 

Jansky  and  Bail^,  Inc. 

1339  Wicsonsin  Avenue,  N.W. 

Washington  7,  D»C. 

Attn:  Mr,  Delmer  C.  Ports 
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No,  of  Copies 


Dr.  Henry  Jasik,  Consulting  Engineer 
298  Shames  Drive 
Binish  Hollow  Industrial  Park 
Westbury,  New  York 

Lockheed  Aircraft  Corporation 

2^^^  N.  Hollywood  Way 

California  Division  Engineering  Library 

Department  72-2^,  Plant  A-1,  Building  63-1 

Burbank,  California 

Attn:  N.  C.  Harnois 

Lockheed  Aircraft  Corporation 

Missile  Systems  Division  Research  Library 

Box  Sunnyvale,  California 

Attn:  Miss  Eva  Lou  Robertson,  Chief  Librarian 

The  Martin  Coirpany 
P,  0.  Box  179 
Denver  1,  Colorado 
Attn:  Mr«  Jack  McCormick 

The  Martin  Company 
Baltimore  3,  Maryland 
Attn:  Engineering  Library 
Antenna  Design  Group 

McDonnell  Aircraft  Corporation,  Dept,  6iU4. 

Box  5l6,  St,  Louis  66,  Missouri 
Attn:  C,  Ec  Zoller 

Engineering  Library 

Melpar,  Inc . 

3000  Arlington  Boulevard 

Falls  Church,  Virginia 

Attn:  Engineering  Technical  Library 

Hughes'/Aircraft  Company 

Attn:  Mr,  L,  Stark,  Microwave  Dept* 

Radar  Laboratory,  P.  0,  Box  2097 
Building  600,  Mail  Station  C-l$2 
Fullerton,  California 
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The  Mitre  Corporation 

2hh  Wood  Street 

Lexington  73,  Massachusetts 

Attn:  Mrs,  Jean  E.  Claflin,  Librarian 

Motorola,  Inc . 

Phoenix  Research  Laboratory 
3102  N.  ^6th  Street 
Phoenix,  Arizona 
Attn:  Dr.  A.  L.  Aden 

National  Research  Council 
Radio  &  Electrical  Engineering  Division 
Ottawa,  Ontario,  Canada 
Attn:  Dr.  G.  A.  Miller,  Head 
Microwave  Section 

North  American  Aviation,  Inc. 

1221i|.  Lakewood  Boulevard 
Downey,  California 

Attn:  Technical  Information  Center  (ii9?-12) 
Space  &  Information  Systems  Division 

North  American  Aviation,  Inci.  • 

Los  Angeles  International  Airport 
Los  Angeles  California 
Attn:  Engineering  Technical  File 

Northrop  Corporation 
Norair  Division 
1001  E.  Broadway 
Hax'rthorne,  California 

Attn:  Mr,  E.  A.  Freitas,  Library  Dept.  3lU5 

Page  Communications  Engineers,  Inc. 

2001  Wisconsin  Avenue,  N.W. 

Washington  7,  D.C. 

Attn:  (Mrs.)  Ruth  Tenple,  Librarian 

Philco  Corporation 
Research  Division 

Union  Meeting  Pond  ' 

Blue  Bell,  Pennsylvania 
Attn:  Research  Librarian 
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Pickard  and  Burns,  Inc. 

2li0  Higliland  Avenue 
Needham  9U,  Massachusetts 
Attn;  Dr.  Richard  H.  Woodward 

Polytechnic  Research  &  Development  Co,,  Iric. 

202  Tillary  Street 
Brooklyn  1,  New  York 
Attn:  Technical  Library 

Radiation  Engineering  Laboratory 
Main  Street 
Maynard,  Massachusetts 
Attn:  Dr,  John  Ruze 

Radiation,  Inc. 

Melbourne,  Florida 

Attn:  R  F  Systems  Division 

Technical  Information  Center 

Radiation  Systems,  Inc. 
lUiO  Swann  Avenue 
Alexandria,  Virginia 
Attn:  Library 

RCA  Laboratories 

David  Sarnoff  Research  Center 

Princeton,  New  Jersey 

Attn:  Miss  Fern  Cloak,  Librarian 

Radio  Corporation  of  America 
Defense  Electronic  Products 
Building  10,  Floor  7 
Camden  2,  New  Jersey 

Attn:  Mr.  Harold  J.  Schrader,  Staff  Engineer 

Organization  of  Chief  Technical  Administrator 

Radio  Corporation  of  America 
Surface  Communications  Systems  Laboratory 
7^  Varick  Street 
New  York  13,  New  York 
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Radio  Corporation  of  America 

West  Coast  Missile  and  Surface  Radar  Division 

Engineering  Library- 

Building  306/2 

Attn;  L.  R.  Htind,  Librarian 
8500  Balboa  Boulevard 
7an  Nuys,  California 

Radio  Corporation  of  America 
Defense  Electronic  Products 
Advanced  Military  Systems 
Princeton,  New  Jersey 
At-tn;  Mr.  David  Shore 

Director,  TJSAF  Project  RAND 
Via;  AF  Liaison  Office 
The  Rand  Corporation 
1700  Main  Street 
Santa  Monica,  California 

The  Rand  Corporation 
1700  Main  Street 
Santa  Monica,  California 
Attn;  Technical  Library 

Rantec  Corporation 
23999  Ventura  Boulevard 
Calabasas,  California 
Attn;  Grace  Keener,  Office  Manager 

Raytheon  Company 

Wayland  Laboratory 

Wayland,  Massachusetts 

Attn;  Miss  Alice  G.  Anderson,  Librarian 

Raytheon  Company 
Missile  Systems  Division 
Hartwell  Road 
Bedford,  Massachusetts 
Attn;  Donald  H.  Archer 
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Republic  Aviation  Corporation 
Farmingdale,  Long  Island,  New  York 
Attn:  Engineering  Library 

Sanders  Associates,  Inc. 

9^  Canal  Street 
Nashua,  New  Hanpshire 
Attn:  Mr.  Norman  R.  Wild 

Sandia  Corporation 

Sandia  Base 

P.  0.  Box  ^800 

Alburque,  New  Mexico 

Attn:  Classified  Document  Division 

Sandia  Corporation 
Attn:  Organization  1U23 
Sandia  Base 
Alburque,  New  Mexico 

Scanwell  Laboratories,  Inc. 

6601  Scanwell  Lane 
Springfield,  Virginia 

STL  Technical  Library 

Document  Acquisitions 

Space  Technology  Laboratories,  Inc. 

P.  0.  Box  9^001 

Los  Angeles  California 

Sperry  Gyroscope  Company 
Great  Neck,  Long  Island,  New  York 
Attn:  Florence  ¥,  Turnbull 
Engineering  Librarian 

Stanford  Research  Institute 
Documents  Center 
Menlo  Park,  California 
Attn:  Acquisitions 
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Sylvania  Electric  Products,  Inc. 

100  First  Avenue 
Waltham  JIi,  Massachusetts 

Attn:  Charles  A.  Thornhill,  Report  Librarian 
Waltham  Laboratories  Library 

Sylvania  Reconnaissance  Systems  Lab, 

Box  188 

Mountain  View,  California 
Attn:  Marvin  D.  Waldman 

TRQ,  Inc. 

i|00  Border  Street 

East  Boston,  Massachusetts 

Attn;  Dr.  Alan  F.  Kay 

A,  S.  Thomas,  Inc, 

355  Providence  Highway 
Westwood,  Massachusetts 
Attn:  A.  S,  Thomas,  President 

Texas  Instruments,  Inc . 

6000  Lemmon  Avenue 
Dallas  9,  Texas 
Attn;  John  B.  Travis 

Systems  Planning  Branch 

Westinghouse  Electric  Corp, 

Electronics  Division 
Friendship  Int'l  Airport  Box  1897 
Baltimore  3,  Maryland 

Brown  University 

Department  of  Electrical  EngjJieering 
Providence,  Rhode  Island 
Attn;  Dr.  C.  M.  Angulo 

California  Institute  of  Technology 
Jet  Propulsion  Laboratory 
U8OO  Oak  Grove  Drive 
Pasadena,  California 
Attn:  Mr.  I.  E.  Newlan 
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California  Institute  of  Technology  1 

1201  E.  California  Street 
Pasadena,  California 
Attn:  Dr,  C.  Papas 

Space  Sciences  Laboratory  1 

Leuschner  Observatory 
University  of  California 
Berkeley  U,  California 

Attn:  Dr.  Samuel  Silver,  Professor  of  Engineering  Science 
and  Director,  Space  Sciences  Laboratory 

University  of  California  1 

Electronics  Research  Lab. 

332  Cory  Hall 
Berkeley  1|,  California 
Attn:  J.  R.  Whinnery 

University  of  Southern  California  1 

University  Park 

Los  Angeles,  California 

Attn:  Dr.  Raymond  L.  Chuan 

Director,  Engineering  Center 

Case  Institute  of  Technology  1 

Electrical  Engineering  Department 
10900  Euclid  Avenue 
Cleveland,  Ohio 

Attn:  Professor  Robert  Plonsey 

Columbia  University  1 

Department  of  Electrical  Engineering 

Nforningside  Heights 

New  lork,  Nev/  York 

Attn;  Dr.  Schlesinger 

University  of  Southern  California  1 

University  Park 

Los  Angeles  7,  California 

Attn:  Z.  A.  Kaprielian 

Associate  Professor  of  Electrical  Engineering 
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Cornell  University- 

School  of  Electrical  Engineering 

Ithaca,  New  York 

Attn:  Professor  G.  C,  Dalman 

University  of  Florida 

Department  of  Electrical  Engineering 

Gainesville,  Florida 

Attn:  Professor  M.  H.  Latour,  Library 

Library 

Georgia  Technology  Research  Institute 
Engineering  Experiment  Station 
722  Cherry  Street,  N.W, 

Atlanta,  Georgia 

Attn:  Mrs.  J,  H.  Crosland,  Librarian 

Harvard  University 
Technical  Reports  Collection 
Gordon  McKay  Library 
303  Pierce  Hall 
Oxford  Street 

Cambridge  38,  Massachusetts 
Attn:  Librarian 

University  of  Illinois 
Documents  Division  Library 
Urbana,  Illinois 

University  of  Illihois 
College  of  Engineering 
Urbana,  Illinois 

Attn;  Dr,  P.  E.  Mayes,  Department  of 
Electrical  Engineering 

Illinois  Institute  of  Technology 
3301  S.  Dearborn  Street 
Chicago  16,  Illinois 
Attn:  Dr.  George  I.  Cohn 
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Illinois  Institute  of  Technology 
Technology  Center 

Department  of  Electrical  Engineering 
Chicago  l6f  Illinois 
Attn:  Paul  C.  Yuen 

Electronics  Research  Laboratory 

The  John  Hopkins  University 
Homewood  Campus 
Baltimore  18,  Maryland 

Attn:  Dr,  Donald  E.  Kerr,  Department  of  Physics 

The  Johns  Hopkins  University 
Applied  Physics  Laboratory 
8621  Georgia  Avenue 
Silver  Spring,  Maryland 
Attn:  Mr,  George  L,  Selelstad 

University  of  Kansas 
Electrical  Engineering  Department 
Lawrence,  Kansas 
Attn:  Dr,  H.  Unz 

Lowell  Technological  Institute 

Research  Foundation 

P,  0,  Box  709 

Lowell,  Massachusetts 

Attn:  Dr.  Charles  R.  Mingins 

Massachusetts  Institute  of  Technology 
Research  Laboratory  of  Electronics 
Building  26,  Room  327 
Cambridge  39,  Massachusetts 
Attn:  John  H.  Hewitt 

Massachusetts  Institute  of  Technology 
Lincoln  Laboratory 
P.  0,  Box  73 

Lexington  73,  Massachusetts 
Attn:  Mary  A.  Granese,  Librarian 
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McGill  University 

Montreal,  Canada 

Attn:  Professor  G.  A.  Woonton 

Director,  The  Eaton  Electronics 
Research  Laboratory 

University  of  Michigan 
Electronic  Defense  Group 
Engineering  Research  Institute 
Ann  Arbor,  Michigan 
Attn:  J,  A.  Boyd,  Supervisor 

University  of  Michigan 
Engineering  Research  Institute 
Willow  Run  Laboratories, 

Willow  Run  Airport 
Ypsilanti,  Michigan 
Attn:  Librarian 

University  of  Minnesota 

Minneapolis  lU,  Minnesota 

Attn:  Mr.  Robert  H.  Stumm,  Library 

Physical  Science  Laboratory 
New  Mexico  College  of  Agriculture 
and  Mechanics  Arts 
State  College,  New  Mexico 
Attn:  Mr.  H.  W.  Haas 

New  York  University 

Institute  of  Mathematical  Sciences 

Room  8D2 

25  Waverly  Place 

New  York  3^  New  York 

Attn:  Professor  Morris  Kline 

Northwestern  University 
Microwave  Laboratories 
Evanston,  Illinois 
Attn:  R.  E,  Beam 
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Ohio  State  University  Research  Foundation 
131^  Kinnear  Road 
Columbus  8,  Ohio 
Attn:  Dr,  T.  E.  Tice 

Department  of  Electrical  Engineering 

The  University  of  Oklahoma 
Research  Institute 
Norman j  Oklahoma 

Attn:  Professor  C.  L,  Farrar,  Chairman 
Electrical  Engineering 

The  Pennsylvania  State  University 
Department  of  Electrical  Engineering 
University  Park,  Pennsylvania 

University  of  Pennsylvania 

Institute  of  Cooperative  Research 

3UOO  Walnut  Street 

Philadelphia,  Pennsylvania 

Attn:  Department  of  Electrical  Engineering 

Polytechnic  Institute  of  Brooklyn 
Microwave  Research  Institute 
Johnson  Street 
Brooklyn,  New  York 
Attn:  Dr,  Arthur  A.  Oliner 

Polytechnic  Institute  of  Brooklyn 
Microwave  Research  Institute 
SS  Johnson  Street 
Brooklyn,  New  York 
Attn:  Mr,  A.  E.  Laemmel 

Purude  University 

Department  of  Electrical  Engineering 
Lafayette,  Indiana 
Attn;  Dr.  Schultz 

Library 

¥.  ¥,  Hansen  Laboratory  of  Physics 
Stanford  University 
Stanford,  California 
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Syracuse  University  Research  Institute 
Collendale  Campus 
Syracuse  10,  New  York 
Attn:  Dr,  C.  S,  Grove,  Jr, 

Director  of  Engineering  Research 

Technical  University 
Oestervoldgade  10  G 
Copenhagen,  Denmark 
Attn:  Professor  Hans  Lottrup  Knudsen 

University  of  Tennessee 
Ferris  Hall 
¥,  Cumberland  Avenue 
KhoxvUle  l6,  Tennessee 

The  University  of  Texas 
Electrical  Engineering  Research  Lab, 

P,  0,  Box  8026 
University  Station 
Austin  12,  Texas 
Attn:  Mr,  John  R.  Gefhardt 
Assistant  Director 

The  University  of  Texas 
Defense  Research  Laboratory 
Austin,  Texas 

Attn:  Claude  ¥.  Horton,  Physics  Library 

University  of  Toronto 

Department  of  Electrical  Engineering 

Toronto,  Canada 

Attn:  Professor  G.  Sinclair 

University  of  ¥ashington 
Department  of  ^ectrical  Engineering 
Seattle  ¥ashington 
Attn:  D,  K,  Reynolds 

University  of  ¥isconsin 
Department  of  Electrical  Engineering 
Madison,  ¥isconsin 
Attn:  Dr,  Scheibe 
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